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An algori thm and p rog ram have been developed for  handling a two-dimensional  axially sym-  
met r i ca l  problem for  thermal  conduction in an inhomogeneous region with t ime-vary ing  bound- 
ary  conditions; the mater ia l  r e l e a se s  a latent heat of crys ta l l iza t ion  over  a t empera tu re  
range, and the thermophysica l  cha rac t e r i s t i c s  are  dependent on t empera tu re .  

There  are  severa l  papers  on computer  calculat ion of two-dimensional  c rys ta l l iza t ion  processes ;  an 
example has been given of a Peaeeman- -Rackford  solution to a thermal  conduction problem [1]. Some resu i t s  
were presen ted  on e lec t ros lag  melting. The heat  re leased  in crys ta l l iza t ion has also been incorporated 
[2], while the equations of thermal  conduction were solved by finite d i f ferences  with an explici t  scheme con-  
taining a set t ime step subject to r e s t r i c t ions .  The presen t  study does not involve such res t r ic t ion .  

The thermal  p r o c e s s e s  in cooling and solidification in a metal  mold are  cons idered  as a two-dimen-  
sional axially symmet r i c  the rmal  conduction problem; the actual s izes,  shape, and design of the mold are  
incorporated,  together  with the var ious  cooling conditions for  the different  par t s  of the cast ing and mold. 
The heat t r a n s f e r  in the gap between the cast ing and mold is reproduced by introducing variable thermal  
res i s tances .  The thermophysical  cha rac t e r i s t i c s  of the mate r ia l s  can vary  with t empera tu re ,  while the 
latent  heat may be re leased  over  a ce r ta in  t empera tu re  range, and the surrounding t empera tu re  may al ter .  

We assume that the mold is fil led instantaneously with the liquid metal; it is assumed that there  is a 
ce r ta in  given t empera tu re  distribution in the mold, support,  and cast ing before  cooling s tar ts .  The out-  
side and inside sur faces  of the body may be conical or  cyl indrical .  The mold has a two- layer  jacket,  with 
the inner l ayer  of hea t - res i s t ing  mate r ia l  and the outer  a metal  jacket. There  may be any relat ionship be-  
tween the s izes  of the mold, the support,  and the jacket,  which allows one to examine cast ings of var ious  
shapes and weights. 

F igure  1 shows the sys tem.  There  a re  three  reg.[ons with different  thermophysical  cha rac te r i s t i c s .  
t o t ~ t . . . . . .  the cast ing (given quant i t iescys( t~ ~s(t~ Q, p, l '  sJ, the mo[a, the support, and the jacket in the covez 

(C3ivf(t~ XM(t~ t~n), and also the r e f r a c t o r y  lining (C3~r(t~ Xr(t~ t~n). 

The specific heat c~/and thermal  conductivity X are  dependent on t empera tu re  and are  given as tables; 
the effective the rmal  conductivt t ies  incorporate  the convection cu r ren t s  in the liquid. The hea t - t r ans fe r  
coeff ic ients  ~"~,=~ ~pc, ~cl,  and Otlg incorpora te  the heat  t r ans fe r  between the mold and the support (line 
eg), between the cast ing and the lining (on l ines pc and cl), and between the cast ing and the mold (on line 
lg, Fig. I). 

The loss of heat  to the surroundings is incorporated via the h ea t - t r an s f e r  coeff icients  ~ex,  ~sid,  
~ad; the heat  t r an s f e r  f rom the upper  surface along the line ex is r ep resen ted  by aex,  which also incor -  
pora tes  the thermal  res i s t ance  of the layer  of mater ia l  5p having thermal  conductivity kp: 

~P (!) 
CCex= 6p" 
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The  hea t  t r a n s f e r  at  the i n t e r f a c e s  be tween  the mo ld  and the 
suppo r t  and j acke t  a r e  i n c o r p o r a t e d  v i a  addi t ional  t h e r m a l  c o n -  
t a c t  r e s i s t a n c e s .  The h e a t - t r a n s f e r  coe f f i c i en t  ~ c m  i n c o r p o r -  
a t e s  ideal  t h e r m a l  con tac t  in i t ia l ly  a f t e r  pour ing ,  when no r e a -  
sonab ly  so l id  c r u s t  h a s  f o r m e d ,  and hence  t h e r e  is  no gap b e -  
tween  the m o l d  and the ca s t i ng .  When a gap  has  been  p roduced ,  
the coe f f i c i en t  i s  ca l cu la t ed  f r o m  the fo l lowing f o r m u l a ,  which 
i n c o r p o r a t e s  r ad i a t ion  and convect ion:  

'F ig .  1. The  c a s t i n g - m o l d  s y s t e m .  

%m= r162 rad �9 -- ~176 a cond (2) 
k(  tl ) 4 ( t, \4 

~rad = ~ 10o/  ~ )  (3) 
t x - -  t 2 

1 k =  
1 Fx ( 1  1 ) ' (4) 

k-~ ~- F 2 k 2 k o , 

whe re  k 1 and k 2 a r e  the e m i s s i v i t i e s  of the cas t ing ,  mold ,  and 
abso lu t e ly  b l ack  body,  k 0 = 5.6 J / m  3" s e e .  ~ 

The  la ten t  hea t  of c r y s t a l l i z a t i o n  Q(t) fo l lows  an a r b i -  
t r a r y  mode  of r e l e a s e ,  and the hea t  r e l e a s e  o v e r  the r ange  
( t l - - t s ) iS  i n c o r p o r a t e d  in &c; ff Q(t) is  l i nea r ,  

Ac--  Q (5) 
t t - -  t s 

The s y s t e m  is  d ivided into e l e m e n t a r y  v o l u m e s  Ar  a long the 
r a d i u s  and Az in the height;  the nodal  po in t s  a t  which the t e m -  
p e r a t u r e  was  c a l c u l a t e d  lay  a t  the c o r n e r s  of the e l e m e n t s .  
The  d i s t r i bu t ed  hea t  coup l ings  in a r e a l  body were  r e p l a c e d  by 
d i s c r e t e  eondnc t anees  be tween  the nodal  po in t s  (Fig. 2). T h e s e  
condue t ances  w e r e  ca l cu l a t ed  f r o m  the fol lowing f o r m u l a s :  in 
the r ad ia l  d i r ec t ion  

"%'~J = (~i " X j) (z~ - -  z.,) (r i + r~) , (6) 
8 (rj -- r3 

a long the z ax i s  

(~  + ~)  (rf +/ 'k  - -  ra - -  r3 (r~ + re.) 
Aej == 

16 (z~ - -  z/) 

The adjoint  t h e r m a l  c a p a c i t y  a t  e ach  node was  

(rk - -  ri) (z~ - -  z.,) 
Ajj = 4Ax c?r~. 

(7) 

(s) 

Cons ide r  the condi t ions  f o r  hea t  ba l ance  at  s o m e  point  j (Fig. 2); ff a t  ins tan t  Tm-1 the t e m p e r a t u r e  
a t  known j was  t m - i ,  while a f t e r  a t i m e  A% a t  the ins tan t  T m = Tin_ i + AT, it b e c o m e s  t~ a, then the hea t  
eontent  a t  th is  nJode has  a l t e r e d  by  

Ac = cj (tT-x - iT). (9) 

This  change  is  c o m p e n s a t e d  by the hea t  f lowing in f r o m  ad jacen t  nodes  on account  of the d i f f e rence  
be tween  the t e m p e r a t u r e  at  node j and the t e m p e r a t u r e s  a t  su r round ing  nodes  i, k,  e, and m; if the  hea t  
f luxes  f r o m  the ad jacen t  nodes  a r e  denoted by  qij ,  qkj, qej ,  qmj ,  then the h e a t - b a l a n c e  equat ion f o r  a node 
will take  the f o r m  

c i 
qi: + qh: + q e :  + qm.~+ ~ x  (l?-1 - -  l)n) = O. (10) 

We e x p r e s s  the hea t  f luxes  v i a  the t e m p e r a t u r e  d i f f e r e n c e s  and conduc tances ,  to ge t  
c j  

A~ (t? - -  t?) "-  A ~  (C - -  l?) + & j  ( t? - -  t?) + A,~j  (t,~ - -  t?)  + - ~  (tT-~ - -  t 7) = O, (ii) 
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Fig. 2. Nodal point with d i sc re te  
conductances .  

and denote c j / A r b y  Ajj and r e a r r a n g e  the t e r m s  to get 

tn  1 In  ~tt l  Aijt~ -r- Akitk q- A~j e -k- A,nst,~ -- (A~j q- A ks q- At: 

+ Amj -k AZ) t~ = - -  Asjt~ -1. 

S imi la r  equations can be drawn up for  all the nodes.  The 
comple te  s y s t e m  for  all the nodes r e f l ec t s  the coupling between the 
t e m p e r a t u r e s  at the nodes at the prev ious  instant  rm-1 and the next 
instance r m.  The unknowns a re  t m, t~ n, t m, t~ n . . .  and are  the 
t e m p e r a t u r e s  at the subsequent instant "r m, together  with the coe f -  
f ic ients  Aij, Akj . . . .  which r e p r e s e n t  ce r t a in  t he rma l  conduct ivi-  
t ies ,  while the constant  t e r m s  (--Ajjtim-1) may  be defined f r o m  the 
t e m p e r a t u r e s  at the cor responding  points at t ime Tin_ 1. The solu-  
tion g ives  the t e m p e r a t u r e  distr ibution at the nodes at  instant  

T/,~ = T~_ i {- AT. 

This  method enables  one to use  l a rge  t ime  s teps  AT without r e s t r i c t i ng  the s ize of the e lements ,  since 
the s y s t e m  of equations always sa t i s f i e s  the condit ions for  heat  balance.  This r esu l t s  in cons iderab le  a c -  
ce le ra t ion  re la t ive  to computat ions  via  the explici t  scheme,  in which the p r o c e s s  becomes  unstable,  if the 
step exceeds  a ce r t a in  s ize .  

The the rmophys ica l  c h a r a c t e r i s t i c s  as functions of t e m p e r a t u r e  a r e  incorpora ted  by determining all 
the A a f r e sh  in accordance  with the re la t ionships  for  c7, X, and a as functions of t e m p e r a t u r e  a f te r  the 
s y s t e m  has  been solved each t ime; the t e m p e r a t u r e  change in the surroundings  is incorpora ted  in each 
i tera t ion in der iving the constant  t e r m .  

The coeff icient  m a t r i x  has  a s t r ip  s t ruc tu re  and is s y m m e t r i c a l ,  which r e su l t s  in cons iderable  econ-  
omy in machine s tore .  

An Algol p r o g r a m  has  been wri t ten for  the M220 computer ;  before  the machine handles the p rob lem,  
the following informat ion mus t  be input: the initial t e m p e r a t u r e  distr ibution t i j (r ,  z), the surrounding t e m -  
p e r a t u r e  tsur(T) as a function of t ime,  the h e a t - t r a n s f e r  coeff ic ients  between the cas t ing  and the mold a c m  
and the a i r  a a i r ,  t ab les  fo r  k(t) and cT(t), the t e m p e r a t u r e s  for  onset  and complet ion of c rys ta l l i za t ion  t l 
and t s, and the la tent  heat  of c rys ta l l i za t ion  Q. The s izes  of cas t ing  and mold a re  defined by supplying the 
radi i  r i on the l ines  ad, bo, and cs ,  while the heights a re  divided into e l emen ta ry  volumes;  a lso  logic con-  
ditions a re  supplied that  re f lec t  the disposi t ion of the va r ious  pa r t s .  

F igure  3 shows the block d i a g r a m  for  the p roces s ;  in step 2, the s tore  r e c e i v e s  the initial t e m p e r a -  
ture  distr ibution; in a subsequent  step 3, the radi i  r j  a re  calculated,  together  with the heights zj. In step 
4 the the rmophys ica l  p a r a m e t e r s  a re  se lec ted  f r o m  the table in accordance  with the t e m p e r a t u r e .  K the 
cu r r en t  t e m p e r a t u r e  l i es  in the range  t / - t s ,  then one incorpora te s  the l a ten t -hea t  r e l e a se  in s teps  5 and 6. 
The h e a t - t r a n s f e r  coeff ic ients  a re  se lec ted  in 8 in accordance  with the t e m p e r a t u r e  or  the c u r r e n t  t ime.  
Then the d i sc re te  t h e r m a l  conduetances  a r e  calculated,  in s teps  10-12, and finally the sy s t em is solved 
by G a u s s ' s  method. 

F igu re  4 shows the solution for  the t e m p e r a t u r e  in a cas t ing  of weight 100 tons; the initial data were  
the surrounding t e m p e r a t u r e  t a = 50~ initial t e m p e r a t u r e s  of mold t M = 150~ cas t ing  t c = 1500~ l iq-  
uidus t e m p e r a t u r e  t I = 1500~ solidus t s = 1450~ latent  heat  Q = 201.12" 107 J / m  3, specif ic heat  of ca s t  
iron TC = 6950 k g / m  3, specif ic  heat  of f l r eb r t ckTf  i = 1800 k g / m  3, t he rma l  conductivity of ca s t  iron k c = 37.2 
J / m -  sec �9 deg, the s ame  for  f i r e b r i c k  ~f = 0.832 + 0.00058 t ~ J / r e "  sec �9 deg, specific heat  of ca s t  iron c C 
= 628.5 J / k g .  deg, the s ame  for  f i r e b r i c k  cfi = 878 + 0.00065 t ~ J A g "  deg, h e a t - t r a n s f e r  coefficient  for  the 
upper  su r face  of the cas t ing  with the a i r  aup  p = 46.5 J / m  2. see"  deg, and thermdl  capaci ty  and t he rma l  con-  
ductivity of s teel  as  in Table  1, with the h e a t - t r a n s f e r  coeff ic ients  for  the lower  sur face  as  in Table  2, the 
h e a t - t r a n s f e r  coeff icient  between cas t ing  and mold as  in Table 3, together  with the same  for  the side s u r -  
face  and the working t ime  s tep ,  while the cas t ing size is given in Fig. 1. 

To obtain the m a x i m u m  accu racy  with a r e s t r i c t e d  number  of e lements ,  one a lways u se s  in the two-  
dimensional  ca se  a nonuniform division in rad ius  and height; ca lcula t ions  on cas t ings  have prev ious ly  been 
p e r f o r m e d  with 22 s teps  along the radius  and 34 in height. Improved  methods and accumula ted  exper ience  
have enabled us now to obtain good accu racy  with 16 s teps  along the radius  and 22 in height. In that  case  
one does not need to use  the M-220 tape s to re ,  while the running t ime  for  1 t ime  step is 2 min. 
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Fig. 3 Fig. 4 

Fig. 3. B l o ~  diagram of the calculation scheme: 1) input data (10 --~ 2); 2) initial 
t empera tu re  distribution input; 3) calculation of R and dR for  layers ;  4) table r ead -  
out and interpolation for  T(T ~ and k(T ~ for  casting; 5) tes t  for  T s -<T -< T/; 6) l a -  
tent heat re lease  AOlat; 7) table readout and interpolation for  T(T ~ and k(T ~ for  
mold; 8) table readout  and interpolation for  aex,  and, as id ,  aps ,  a lg ,  and aeg; 9) 
table readout  and interpolation for  T (~ of surroundings; 10) calculation of Ai,i+~, 
Aj,j, Ai,j; 11) calculation of Asp_ m andAsurf; 12)formulat ion of the mat r ix  e l e -  
ments  for  the sys tem of algebraic equations; 13) solution of sys tem of l inear  a lge-  
bra ic  equations; 14) printout of T ~ , cu r r en t  t ime, and other  pa ramete r s ;  15) tes t  
fo r  end, T m <  T~; T ~  16) halt. 

Fig. 4. Movement of the solidus line and distribution of the t empera tu re  (~ at 
10 h af te r  pouring. 

The scope for  using a large  t ime step enables one to calculate the complete solidification in 30-40 
steps; at the s tar t ,  the step can be a f ract ion of a minute, increasing subsequently to severa l  hours.  

At the same t ime,  the same method was used to wri te  a p rogram for  one-dimensional  axially sym-  
met r ica l  cases .  This p rogram in the one-dimensional  fo rm ref lec ts  all the above hea t - t r ans fe r  conditions. 
It is also possible to use a ve ry  detailed division in that ease  along the radius  and small  t ime steps,  which 
provide ve r y  high accuracy.  

Comparison with two-dimensional  calculat ions has shown that the one-dimensional  calculation c losely  
reproduces  the t empera tu re  distribution along the radius at the mid point in the height, so the one-d imen-  
sional p rogram can be used in p re l iminary  analysis  before  handling a new two-dimensional  problem. When 
the two-dimensional  case  has to be considered,  the res t r i c t ions  on s tore  size and running t ime do not allow 
one to use ve ry  small steps, so each new cast ing is cons idered  by solving the one-dimensional  problems to 
determine the minimum number  of e lements  requi red  in the two-dimensional  region to provide the requi red  
accuracy.  
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T A B L E  1. Temperature  Dependence of CVc and ~c Cas t i ng )  
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T A B L E  2. Temperature  Dependence of Sad 
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T A B L E  3. Dependence of a c m ,  as id ,  and AT h on Working Time  
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Solutions obtained f r o m  this  a lgor i thm have been compared  with the exact  so lut ions  due to Lykov [3], 
and the agreement  is  good. 

Cast ings  of weights  4, 7, 52, and 169 tons were  used  in experiments;  the experimental  condit ions  
were  reproduced c l o s e l y  on the computer ,  which provided cons iderable  exper ience  on the fitting of t h e r m o -  
physical  c h a r a c t e r i s t i c s  c% X, and ~ to provide good agreement  with experiment .  The surface  t e m p e r a -  
ture of the mold as  ca lculated  by computer  differed f r o m  the m e a s u r e d  value by not m o r e  than 25-30~ 

The t w o - d i m e n s i o n a l  ca lcu la t ions  were  compared  with the actual s tructures  of the cas t ings  to re late  
the latter  to the t emperature  distribution during sol idif icat ion.  

This  method of calculat ing the cas t ings  enables  one to examine  the ef fects  of all a spec t s  of the mold 
design and d imens ions  on the resul t ,  together  with the ef fects  of the thermophys ica l  c h a r a c t e r i s t i c s  of the 
m a t e r i a l s  and other technical  f eatures .  

~cm 
arad,  
Q 

tp 

t l  
t s  

tin 
t 
c ~  

X 
A 
q 
r 
z 

C~conv, C~cond 

N O T A T I O N  

is  the heat t ransfer  coeff icient;  
i s  the heat t rans fer  coef f ic ient  between cast ing and mold; 
are  the radiation,  convect ion ,  and conduction heat t ransfer  coeff ic ients;  
i s  the latent heat of sol idif ication; 
ts  the pouring temperature;  
ts  the l iqutdus temperature;  
ts the so l idus  temperature;  
, s  the initial temperature;  
~s the temperature;  
ts the speci f ic  heat; 
ts the speci f ic  thermal  conductivity; 
ts the thermal  conductivity; 
ts  the heat  flux; 
t s  the coordinate  along r axis; 
t s  the coordinate  along z axis; 
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AZ 
Ar 
T 
AT 
F1, F2 
e 
Ac 
5p- 

1. 
2. 
3. 

is the step along z axis; 
is the step along r axis; 
is the current time; 
is the time step; 
are the surface areas; 
is the heat capacity; 
is the heat capacity variation; 
is the thickness of filling layer. 
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